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The Nerve Theorem

The (Alexandrov) nerve of an open cover [libic of M
is the simplicial complex on the set I w an

nsimplex (, . . .
i
...3 Whenever Up....Win is inhabited

Nerve Theorem /Zeruy) : If [Uibiet is good,
and M is paracet.

i . e.

Up....Hin is contractible whenever it is inhabited.

Then NSUibie presents the homotopy type of M



The nerve theorem is about computing the homotopy type
of a space.

O ~O
ur , -> N()

So :

① What is a space?

② What is a homotopy type?



Spaces i Homotoyo

These are two different things
There are many cts

. maps
R- R

,

but only one up to homotopy



R-*

S Homotopy
paces Ii Types

Cpx-B2

These are two different things

Taking the homotopy type of a space is an operation



What is a space?



What is a space?

· A space of possibilities (points) :

- possible locations or directions,
- possible events,
- possible parameters,
- possible objects of a given sort.

· A space is a notion which admits many possible
specializations.

· The points of spaces
fail to be separatedhereinthattheymaameasures.

E. g.: Anycts function f : /R-> 30, 13
is necessarily constant.

O Conversely, discreteness of a space may be defined

by those spaces it fails to separate.



Sheaves and Toposes
o Riemann's continuous manifoldnesses are very similar to

Sheaves on the category of Euclidean spaces and smooth maps

XSh(Euc
,
operators)

Ro = *-X(*) = "Set of individual specialization of X"

I> X(IR)) = "Set of smooth paths in
"

· X is discrete when it "has no smooth paths between points"
*(i)= X(*)

or equivalently When "every path is constant"

XXR



Sheaves and Toposes

o Similarly . Simplicial sets are (prett sheaves on a

X Set bor (n]-Xn = "Set of n-simplices"

and X is O-skeletal when XX
*L

· Both are examples of Lawvere's Axiomatic Cohesion.

Sh(Euc
,
openers) Set

op

To /piecesdiscrete /points ↑codiscrete colim/pieces Yo-skeletal ) points ↑O-coskeletal
2 W 2

Set Set



Commuting Cohesions

Sh (Eva
,oper

Dop

+↑

Sh (Euc
,
openers) Set

/-Set!r
· The Each nerve of an open cover WiM is

a simplicial space: (n+ 1)-times
-

:= Wi 1... Hin = Limi I-In+ 1 &



What is a homotopy type?



What is a homotopy type?

A homotopy type is an -groupoid
· An ro-groupoid XX consists of

· a notion of objects
· for any objects x and y,

an -groupoid
X(x, y)

of equivalences between and
y

+Compositions and coherences...

· E
. g .

the homotopy type SX of a topological space X is

· The notion of a point in X
,

where

·Two pointsx and y are identified by
(Sx)(x,y) := SPathx(x, y)

the homotopy type of the path space.



What is a homotopy type?

A homotopy type is an -groupoid
· An ro-groupoid XX consists of ↑· a notion of objects

· for any objects x and y,
an -groupoid

X(x, y)
of equivalences between and

y Prete
+Compositions and coherences...

O E
. g. the homotopy type SX of a topological space X is

· The notion of a point in X
,

where

·Two pointsx and y are identified by
(Sx)(x,y) := SPathx(x, y)

the homotopy type of the path space.



There are many different kinds of spaces and stacks :

· Topological Spaces · Orbispaces
· Manifolds (20 ... 20) o Orbifolds and Lie Groupoids
· Schemes · Deligne-Mumford Stacks

· Simplicial Sets · Simplicial --Groupoids
These are all sheaves of homotopytypes on various sites

E = [Sheaves) forms an 3-topos

Eg :

[Manifolds u &Orbital Shy(Euc
, o



"Shape A &"flat""Sharp"

Sho(suc
,
openers)

homotopydiscrete /points ↑codiscrete↓type
W 2

--Groupoids
· In higher toposes, cohomology theoris become representable.

· In cohesive higher toposes (Schreiber),
these become differential cohomology theories.

EESX-> By 4()) = x = bBU()3
t ↑ -

local systems "Classifyingstack" bundles v
flat connection



HomotopyType Theory is N is thetype of
natural numbers

· a Logical system for working directly IR is the type of
real numbers

with sheares of homotopytypes. ~ Setisthtypes
· a standalone foundation of mathematics Vecti is the type-

↑

of real rector spaces
-Types A of mathematical objects Type is the typeL of types.
- Elementsaof a given type,

"a stan A

- Variable Elements *
2
+ 1 : R (given that X : R)

ZRtx+ 1 : R
"Context"

- Variable types M : Manifold
, p : m + TpM : Vecti



[N : Alb(x) : B(x) means "b(x) is a B(x)
, given that X is an A]

PairTypes : TM := (p : M)xTpM
- If B(X) is a type for X : A

,
then

(x : A) x B(x) AxB

is the type of pairs (a, b) with a : A and b : B(a)
.

Function Types : Vec(m) := (p : M) -TpM
- If B(X) is a type for X : A

,
then

(x : A)-B(x) A-B

is the type of functions XIf(x) where X : Alf(x) : B(x)



Types of Identifications :

· If X and y are of type A
,

then

XY is the type
of ways to identify x with y as elements of A.

E
.go In Vect,

e : ToM =R is a linear isomorphism.

· In Manifold,
e : MFN is a diffeomorphism .

· In Type,
e: A = B is an equivalence.

I · In IN
,

n =M has a unique element if and only if
n equals M.

"Univalence Axiom" of Voevodsky



Types of Structures



Dictionary (Shulman
,

Lumsdain
, Kapulkin, Voewodsky ,

etal
.)

Homotopy Type Theory Sheaves of homotopy types
-

Type of object
-

B

=>(x: A)- B(x)

A
# The diagonal

X
,y

: A + (x= y) :Type AxA in E/AXA
-



Simplicial Cohesion re + Sko-csko

· Dip into simplicial arguments by adding a simplicial focus

Ax : OCD] is a total order with distinct top 1 and bottom O.

The axiom total : Va
,j : WC

. izj vj2c means that

82]x[]i): 00isj3r((j) :/jei]
D42]

00-10 00-> 10

Yt- ↓ Y ↓↓ X
11 01 -> 11

01 --11

Def : ((n) := ((x - ,
. . ., Xn) : 06] "/x,*X ... xn

If X is simplicially crisp,
then Xn := Sko((n]->X)



Simplicial Cohesion re + sko-csko

· Sko is the O-skeleton /SkoXn = Xo

⑧ Csko is the O-coskeleton (Skox)n= Xn+

-O re is the realization (reXn = Colim(x : x0-Hol

[ c-pre const 42] C-Jsko
X->reX ift X-X iff sk

.
X->X

is an equivalence is an equivalence is an equivalence

These are modalities
-

re is reflection into the asko is reflection into the

O-skeletal types. O-cosmeletal types
Y Y
->E -z

*
. -- when [KrZZ * - when zCskoZ

rex CskoX



Constructions with the cohesive modalities :

Thm (m. Riley) : Let f : X-> Y be a simplicially crisp Map
between O-skeletal types .

Then its asko-modal factor

f
x-y

asko-modalokjegwi---(y: Y) + csko((x : x) x(fx =y) ....

is the ech nerve [(f) of f.
·

Proof :

Sko (D(n] + (y : Y) xcsko((x:x) + (fx=y) XxyX +yX2
=Sko((o : 0(]- Y)x(( :0())+ Csko((x :x)+(fx =oi)) ↓ ↑ ↓ ↑ ↓
= Skolly : Y) x(Δ(n) - (sko(( .x)x(fx=y) X +yX I

= (y : Y) x Sko(Δ(n) -> (skp((x : x) + (fx =y)) ↓ I
=(y : Y) x Sko((n] + (x : x) x (5x = y)) X O

=(y : Y) = ((x :x) + (fx = y))n
+

Cor (m.

- Riley) .... and re(f) = imf . (b/ recskox = =x)



Nerve of an open cover :

· If EHibi:1
is a cover of M

,
then

WuiM
i:I

is a subjection, so we have (effective epimorphismt
M = im(c) = reC(c)

· The nerve of the cover is the simplicial set with an n-simplex
for every inhabited (n+)-fold intersection

Wu =(-> m
il

N(c) := im (it)
i :I

↓ ↓ ↓ N() = [i: 17 (Hi
,

1 ---1 Hin?]
-CsKoll ->



Good open covers

· The nerve of the cover is the simplicial set with an n-simplex
for every inhabited (n+)-fold intersection

Wu =(-> m
il

N(c) := im (it)
i :I

↓ ↓ ↓ N() = [i: 17 (Hi
,

1 ---1 Hin?]
T ->CsKoll ->-

· A cover is good if Ki
,
1 ...e Hint is contractible whenever it is inhabited

il: &Hi, -..Uin) &(Mic : --- Wine

Lemma :

c is good iff its nerve is the homotopytype of its ech nerve.

S[() = N()



Commuting Cohesions

re sko csk
S b #

Modalities: Alh ht

Sho(Suc
,
opPod

D

1+↑ 1
Sho(suc

,
openers) Ho

Dop

M HoI-"focus -



Type Theory with Commuting Cohesions (M.- Riley
(Extending Shulman's Cohesive Holt

.)
· Free

variablesannotatedwoo

A variable in focusis said to becrisp ,

· Elements varydiscontinuously" in their crisp variables
.

E
. g. XA, B, zif
is an element f of the simplicial differential stack D
which depends smoothy on a pointX of A and

simplicially but discontinuously on y
in B

,
and discontinuously

on a point z of C.



Type Theory with Commuting Cohesions (M.Riley
· For

any focus o we have (co)modalities

bo and #
representingcrisp variables on the left and right .

E.g.

- ko

E.g.

#S #

esko



Commuting Cohesions

· I is O-skeletal and D(1] is discrete
8L]

R =R #[]>Alig
So their localizations commote: fre = reS

· S is computed pointwise,
so also : Sko) = JSKO ( = 3)

and : asko) = Jesko
Thm(M . - Riley) : If <:: -

> M is a good cover,

then
SM = reN(e)

Proof :

(M =Sre( = reficc = reN(c)



Modal Nerve Theorem

· Works for many modalities that commute / the simplicial one

Lre = reL
-

- Ekol=Liko-Just so that "L-good"! Y means
-------

iskoh = Lek- ↳] = 7 ~
L(Hu-·Kinn) = 5(HivMina

---

E.g.
L= 20 for L : 2 - 2 at LE =- and L Clin =lic .

Thm(M . - Riley) : If C : WUi -> M%O-skeletalgood cover,
:I

and I is L-moded
,

O-skeletal
,

and simplicially crisp
then :

LM =LreC() = reLCC) = reN(c)



Thank You !

references:



Propositions as types
·X has a unique element := (c :x)x((x :x) ->(x=c)

"J!X"
o For f : X-Y,

of is an equivalence" : (y : Y) -> (x : x)x(fx =y) has a unique element

"Fy : Y
,
5! x : X

,
+x=y"

oP is a proposition : (x
, y

: P) + Ex =y) has a unique element
"P has at most one element"

To prove P is to give an element of it."The fact that PPP

P= Q : = P+Q
,

PrQ := PxQ
,

Yx : X
.

P(x) := (x :x)- P(x)

Propositional truncation :

For any type X
,

a position IX and (f5 : X+JX,pro Y
initial for such maps X-> P

↳



Types of Structures

oX is a set : (x, y : X) -Yx=y) is a proposition
Ex : x(P(x)) := (x : x)x P(x)

· Monoid : (M : Type) * (0 : Mxm +M) x (1 :m)] Structure
* M is a set
x((x : m) - (1 - x = x) 7 Propertise
x((x : m) +(x- 1 = x)

x((xyz:m)= ((x - y) - z = x . (y-z))-
· For 6 a group,

Torsg : E (T : Type) x(x: GxT+T)
xT is a set
x ft:T

,
<(1

,
z) = E

xYt:T
, g ,

h : G
,

x(gh,
z) = x(g,

x(u ,4)
xVt

,
E :T,Eg: 6) x(g, E) = E3 has a unique element

xJT


