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CNOT : Bit x Bit  → Bit it CNOT : Orbit Orbit  → Orbit Orbit
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Denotational a function a unitary function

Semantics CNOT :  Bit x Bit  → Bit xD it CNOT : Orbit Orbit  → Qb 't Orbit

Operational
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Implementation



Quantum Mechanics

o A Hilbert space Ho of
"

states

?
° A Hamiltonian operator H : Ho -  s Ho

° Dynamics given by Schrodinger
's equation
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° Solved to a one - parameter family of operators

Uct ) : Ho → Ho Uce , = e
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o This "
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a gate G if Alto )4=66
.



Quantum Mechanics

o A Hilbert space Ho of
"

states

?
° A Hamiltonian operator H : Ho → Ho

° Dynamics given by Schrodinger
's e . .  .

h 'm

doe
What's this ?

.

o save

o This "

implements
"

a gate G if Alto )4=66
.



Quantum Mechanics
,

-

,
r

-

-

all . art bundle
I I I

l

-

i I
I

I

l l

" "

l !! x
' it '

i
!

* •

o t



Quantum Mechanics
,

-

,
r

-

-

a Hilbert bundle
I I I

'

-

i I
I

I

( H
i

.

.

.

'
.

'

✓ I Ho i
'
Hei

'

u i
!

113 * •

o t
trivialize ble ⇒

a connection 0 is HIE E A' ( B ; End Gto))given by
qfhe Hamiltonian !



Quantum Mechanics
,

-

,
r

-

-

all . art bundle
I I I

l

-

i go .
-

-

I
- - -

I
uey

I

I l

" "

,

x
' it '

i
!

*ao t
trivialize ble I

a connection 0 is Holt E A' ( Rs; End Gto))given by
qfhe Hamiltonian !

Solving Schrodinger's econ . gives parallel transport! up t )



Quantum Mechanics

Time isn't the only classical parameter .  - -
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↳ Hard to scale to

many
Orbits (requiring more parameters)
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If the connection is flat then parallel transport is

homotopy invariant
.



Topological Quantum Systems

A quantum system tf , o is topologically
insulated if

0 is flat .

Since parallel transport  is
homotopy

invariant
,

determined
by a representation of tip

It : Bit
,
P → Hills
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Braiding Defects in Topological Quantum Materials
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Braiding Defects in Topological Quantum Materials

Paths in configuration space are braids
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Hypergeometric Integral Construction
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Hypergeometric Integral Construction

Since the Gauss - Manin connection is

purely homotopical ,
we can use

homotopy type theory

to give an abstract formal verification

( and even classical simulation ! ) of this

realistic proposal for TQC
.



HomotopyType Theory is N is the type of
natural numbers

° a Logical system for  
working directly

112 is the type of
real numbers

with homotopy types (spaces up to homotopy) Set  is the type
"

Iif!atone
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of real vector  spaces

Type is the type
- Elements a :A  of  a given type,

"asianAt of types.

-

- Variable Elements yet I : R (given that x : R )

x : R t x' ti : R
1-' Context

"

- Variable types M : Manifold
, p : M t Tp M : Vectyz



[ x : A t b Cx) : BG ) means
"

btx ) is  a BAD
, given that x is an A

"]

Pair Types : TM Cp : Mlxtpm
- If Bfx ) is a type for x : A

,
then

( x : A) x Box ) AB

is the type of pairs ( a
, b) with a : A and b : Bca )

.

Function Types : Vec ( M) : -
- Cp : M ) → Tpm

- If BCX) is a type for x : A
,

then

( x : A) → Box ) A  → B

is the type of functions
Xtsfcx

) where X : At -

Hx
) :

Bcx
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Paths and transport ( Cubical Type Theory)
o We assume a primitive interval exotype I

with endpointsIO
,

it : I
.

° A path p : a Eb is a function p : I → A

so that

pio
:= a and

pit
:= b

.

o For types A  and B
,

we have a function

transport : ( A  =B) → ( A  → B)
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The Main Theorem
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But how do we define the configuration spaces ?
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Braids as automorphisms of punctured disks
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Current and Future Work

° Mitchell Riley and I ran a research program for

undergraduates at NYU AD
, formalizing

His approach
in Cubical Agdw .

↳ Lecture notes and papers forthcoming !

° Linear homotopy type theory applied to TQC
.

° Compositionalitg
?




